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Abstract. Denote by Lp the Sturm- Liouville operator Ly = —y" + q(x)y on the finite 
interval [0,7r] with Dirichlet boundary conditions y(0) = y(n) = 0. Let {Xk}T and {ctk}T be 
the sequences of the eigenvalues and norming constants of this operator. For all 9 ^ we study 
the map F : W 2 —> 1% defined by F(cr) = {sk}^°. Here a = f q is the primitive of q, s = {s^f 
C\) ■ be regularized spectral data defined by s 2 k = \f\~k — k, S2k-i = ctfc — n /2 and l e D are special 
Hilbert spaces which are constructed in the paper as finite dimensional extensions of the usual 
Q_| \ weighted l 2 spaces. We give a complete characterization of the image of this nonlinear operator, 
show that it is locally invertible analytic map, find explicit form of its Frechet derivative. The 
main result of the paper are the uniform estimates of the form \\a — cri\\e x ||s — &i\\o, provided 
that the spectral data s and si run through special convex sets in the spaces l D . 
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HacTonman pa6oTa cBH3aHa c H3yneHHeM o6paTHoii 3an,anH n,jin onepaTopa IIlTypMa- 
JlnyBHjijiH c KpaeBMMH ycjioBHHMH ^npaxjie: 

(0.1) Ly=-y" + q{x)y, xE[0,n], y{0) = y{ir) = 0. 



PeineHHe 3an,anH o BoccTaHOBjieHHH noTeHniiajia q no cneKTpajiBHOH (pyHKnHH SToro onepaTopa 
(n,ajiee o6o3HanaeM ero nepe3 Lp) Gbijio n,aHo b KjiaccnnecKOH pa6oTe TejitcpaHfla h JleBHTaHa 
[3], KOTopoii npe^inecTBOBajiH KjiaccnnecKHe pa6oTBi Bopra [1] h MapneHKo [7]. BnocjieflCTBHH 
noaBHjmcB cothh pa6oT Ha 3Ty TeMy, o63op pa6oT h ccbijiKH mojkho Haft™ b KHHre OpafijiHHra 
h lOpKo (|, ac yneTOM pa6oT nocjienHero necnTHjieTHn, — b Hen,aBHeft pa6oTe aBTopoB |14| . 

B pa6oTe aBTopoB [9] 6bijio npenjiojKeHO onpen,ejieHHe onepaTopoB niTypMa-JiHyBHjijin fljis 
noTeHHnajioB-pacnpe,n,ejieHHft q 113 npoerpaHCTBa Co6ojieBa W r 2 ~ 1 [0,7r] h 6bijio npennpHHHTO 
H3yneHHe cneKTpajiBHBix xapaKTepucTiiK TaKHx onepaTopoB. PeineHHe paccMaTpHBaeivroft 06- 
paTHofl 3a^ann rjik CHHrynnpHoro cjiynan GbiJio ^;aHO Tphhhbbim h Mhkhtiokom [5j. IleJib amou 
cmambu — npoeecmu anaAU3 npRMoil u o6pamHou 3adau 3ar onepamopa c nomenuxiajiaMU 
U3 eceu wkcuiu npocmpancme Co6oAeea VF™[0,7r], a ^ — 1 u dona3amb paenoMepnue dey- 
cmopoHHue ov^euKu 3ah pa3nocmu nomenvxiajioe e nopjue npocmpancmea W 2 (npu a > — 1) 
uepe3 nopjuy cnenmpajihuux dannux e KoncmpyupyeMux najviu npocmpancmeax , %yda no- 
MevnammcH pesyjisipu3oeauHue cnexmpaAbnue dannue. ^jis btoh H,ejiH mm H3ynaeM cBoftcTBa 
HejiHHeHHoro oTo6pa>KeHHH F : W 2 +1 — > 1% , KOTopoe cTaBHT b cooTBeTCTBHe nepBoo6pa3- 
hoh noTeHHiiajia a = j q peryjinpH30BaHHbie cneKTpajibHbie ^aHHBie onepaTopa L^. B Hameii 
npeflMflymefi; pa6oTe [13] mbi yace HanajiH H3yneHne 3Toro oTo6pa>KeHH5i, noxasaB, hto npn 
a > — 1 oho HBjineTcn cjia6o HejiHHeiiHBiM (t.c KOMnaKTHBiM B03MymeHHeM jiHHeiiHoro oTo6pa- 
>KeHH5i) . 3necb Mbi nojiynHM cym;ecTBeHHo 6ojiee nojmyio HH<popMan;Hio 06 stom oTo6paaceHHH. 



Pa6oTa no,nzi;ep>KaHa Pocchhckhm (Jjoh^om 4)yHflaMeHTajiBHBix iiccjieflOBaHHii, rpaHT 10-01-00423 

1 



2 



A.M.CaBHyK, A. A. IIlKajiiiKOB 



B nacTHocTH, mm flaeM TOHHoe onucaHne (xapaKTepH3annio) cneKTpajibHbix flaHHux, Kor^a no- 
TeHirnaji q npo6eraeT (Tax mm o6o3HanaeM Bee BemecTBeHHbie cpyHKHHH H3 npocTpaHCTBa 
W"), npHBo^HM aBHbie cpopMyjibi fljis BoccTaHOBjieHna nepBoo6pa3Hofi noTeHiniajia (jicmmbi 
2.1 h 2.2), HaxojjHM 3bhmh BHfl npoH3Bo^Hbix npnMoro h o6paTHoro oTo6pa>KeHHii. OcHoenue 
peayAtmamu paBomu ccfiopMyAitpoeanu e meopeMax 2.6, 2.8, 2.10 u 2.15. 

0TM6THM, HTO H3MK TeopHH aHajIHTHHeCKHX OTo6pa>KeHHii npil HCCJie^OBaHHH o6paTHbix 

3a^aH fljiH onepaTopa IIlTypMa-JlHyBHjijis nojiynnji pa3BHTne b pa6oTax Tpy6oBHu,a h ero co- 
aBTopoB (cm. no^,po6Hoe H3Jio>KeHHe b KHnre [8j). O/XHaKo H3ynaeMoe HaMH oTo6pa>KeHHe otjih- 
naeTCH ot oTo6pajKeHHH, pacMOTpeHHbix b [8J. KpoMe toto, H3ynaeM mbi ero o/XHOBpeMeHHo bo 
Been inxajie co6ojieBCKHX npocTpaHCTB c nnojib30BaHHeM Teopnti HejiKHeiiHOH HHTepno jihhhh . 
IIosTOMy nojiynaeMbie HaMH cpopMyjibi jjpyrne, HejKejiH b [8] n ^0Ka3aTejibCTB0 hx npoBo^HTCH 
Ha flpyroM nyTH. 

9my cmambH) CAedyem paccMampueamb nan dono/menue k Hedaeneu pa6ome aemopoe [14J, 
b KOTopoft HaMeHeHHbiH njiaH Hccjie,n;oBaHHH 6biji nojiHocTbio peajiH30BaH ^ijih oTo6pa>KeHHH 
F = Fb, cBH3aHHoro c oGpaTHofi 3a^aneH Bopra BoccTaHOBjieHHH noTeHunajia no ^ByM cnex- 
TpaM. TaM »ce b [H] noKa3aHo, hto cxeMa HccjieflOBaHHH oTo6paaceHHH Fb nojiHocTbio coxpaHH- 
eTCH npn Hccjie^oBaHHH oTo6pa>KeHHH F = Fd, cBH3aHHoro c o6paTHoii sa^aneli BoccTaHOBjie- 
hhh noTeHiniajia no cneKrpajibHon cpyHKHiin. B [14J 6bijih ccpopMyjinpoBaHbi jieMMbi h TeopeMbi 
o cBolicTBax oTo6pa>KeHH5i Fd, o/xHaKo b BH/xy orpaHHneHHH o6b>eMa cTaTBH iioKa3aTejibCTBa 
ocHOBHbix jieMM GbijiH onymeHM. IIosTOMy ochobhou vfiAbm cmambu mochcho CHumamb nped- 
cmaeAeHue uoahux doKa3ameAbcme ccfiopMyAupoeaHHux e [2] pe3yAt>mamoe 06 omoBpastceHuu 
Fd ■ A? 13 yn,o6cTBa HHTaTejra Mbi npHBo^HM 3iiecb 3aHOBo Bee HeoGxojxnMbie cBe/jeHns 06 onepa- 
Tope Ld h cpopMyjinpyeM paHee nojiyneHHbie pe3yjibTaTM 06 oTo6pa:aceHHH F = Fd- IIosTOMy 
CTaTbK) MOJKHO HHTaTb He3aBHCHMO OT [T3] c ojxhoh oroBopKoft: 3^;ecb He ^ejiaeTCH CpaBHeHHH c 
nojiyneHHMMH paHee pe3yjibTaTaMH h cnncoK ccmjiok coKpameH flo MHHHMyMa (k coacajieHnio, 
aBTopaM He y^ajiocb coxpaTHTb hhcjio ccmjiok Ha cboh paGoTbi) . Cjie/xyeT Taioice HMeTb BBH/xy, 
hto jj,ajiee mm paGoTaeM He c oToGpaaceHHeM q — > {cneKTpajibHbie iiaHHbie}, a c oTo6paaceHHeM 
a = j q — > {cneKTpajibHbie jj;aHHbie}. YcjioBHe q G W 7 ^*, a ^ — 1 npn stom nepexojj;HT b ycjio- 
BHe u G W®, 6^0. KjiaccnnecKHH cjiynaii g G L 2 6yn;eT cooTBeTCTBOBaTb 3HaneHHio 6 = 1. 
HH^eKc D b 3anncH oTo6pa>KeHHH F = Fd 6yn;eM onycKaTb. 

1. Onpe,n,ejieHHe npocTpaHCTBa l d D h OTo6pa>KeHH5i F . IIpe/],BapHTejibHi>ie CBefleHHa 

o CBoiicTBax F. 

CHanajia HanoMHHM, hto onpejo;ejieHHe onepaTopa niTypMa-JInyBHjuiH c KjiaccnnecKHM no- 
TeHHHajioM q G Li[0, 7r] mojkho pacninpHTb rjik noTeHn;HajioB-pacnpejj;ejieHHH H3 co6ojieBCKoro 
npocTpaHCTBa 14 7 2 ~ 1 [0, it). npe^nojio>KHM, hto KOMnjieKCH03HanHMH noTeHn;Haji q npHHajj,jie>KHT 
co6ojieBCKOMy npoerpaHCTBy W^tO; 71 "] n P H neKOTopoM a ^ —1. nojioacnM cr(x) = j q(x)dx, 
r/j;e nepBoo6pa3Haa noHHMaeTCH b cMbicjie pacnpejj;ejieHHH. CorjiacHo |H] onpe,n;ejiHM onepaTop 

,H,HpHXJie paBeHCTBOM 

(1.1) L D y = Ly = -(y [1] )' - (r(x)y [1] - a 2 (x)y, y [1] (x) := y\x) - a(x)y(x), 

B3HB b KanecTBe oGjiacTH onpejj;ejieHHH 

V(L D ) = {y, G W^ix] \ Ly G L 2 [0,tt], y(0) = y{ir) = 0}. 



^jih rjia/XKHx cpyHKirnn a npaBBie nacra b ( 10. ip n ( 11. ip coBna^aioT h mm nojiynaeM KjiaccHne- 
ckhh onepaTop IIlTypMa-JlHyBHjijiH c KpaeBBiMH ycjioBHSMH ,H,HpHxjie. OTMeTHM, hto ^o6aB- 
jieHHe k cpyHKHnn a KOHCTaHTBi He MeHseT onepaTop Lp. 

06o3HaHHM nepe3 s(x, A) e/inHCTBeHHoe perneHne ypaBHeHHH Ly — Xy = 0, ynoBjieTBopjnomee 
ycjioBHSM s(0, A) = h sW(0,A) = VA (hsbcctho, cm. [H], hto Taxoe perneHne cymecTByeT h 
e^HHCTBeHHo). 3fleci> h ^ajiee mm BBi6npaeM apryMeHT KopHn arg V\ E (-7r/2,7r/2]. OieBHfl- 
ho, HyjiH {Afc}J° nejion cpyHKirnn s(7r, A)/vA nBjinioTcn coGctbchhbimh 3HaHeHH5iMH onepaTopa 
L^i. B cjiynae BeniecTBeHHoro noTeHirnajia q Bee coGcTBeHHBie 3HaneHHH nBjinioTcn npocTBiMn 
h Bein;ecTBeHHBiMH, b 3TOM cjiynae cHHTaeM nx 3aHyMepoBaHHBiMH Tax, htoGbi nocjie^oBaTejib- 
HocTb {Afc}^° 6bijia cTporo BospacTaiornen. ,H,Jin KOMnjieKCHBix q HyMepairnio mojkho npoBecTii 
Tax, HTo6bi nocjie^oBaTejibHocTB {(Afcl}^ He yGbmajia. BBe^eM b paccMOTpeHHe TaK>Ke nncna 

s 2 (x, Afc) dx, ecjiH Afc 7^ 0; 



a k — \ ( -tt ( s (a,A) X 2 

A=A fc 



ecjiH Afc = 



KOTopbie b cjiynae BeniecTBeHHBix noTeHirnajioB Ha3BiBaK>TCH nopMupoeouHUMU KOHcmanmaMu 
(mm coxpaHHM 3to Ha3BaHHe h fljiH KOMnjiexcHBix noTeHirnajroB). IIocjie^oBaTejiBHocTH 

{X k }? U {a k }? 

cpopMHpyioT cneKTpajiBHBie ^aHHBie onepaTopa Lp. HeTpyzrHO 3aMeTHTB (cm., HanpHMep, [6j 
rji.l]), hto 3a^;aHHe sthx ^aHHBix ,n;jia: BeniecTBeHHBix noTeHirnajioB sKBHBajieHTHo 3a^;aHHio 
cneKTpajiBHOH (pyHKHiiH onepaTopa Lp. 

PeryjiapH30BaHHbie cneKTpajiBHBie /raHHBie onpe^ejiHM cjie/ryiorrrHM o6pa30M 
(1.2) S2k = \/~Xk-k 1 s 2 fc_i = a k - it/2, k = 1,2, 

TenepB nocTpoHM npocTpaHCTBa, kotopbim npHHa^Jie>KaT peryjiapH30BaHHBie cneKTpajiBHBie 
flaHHMe. 06o3HannM nepe3 I® BecoBoe ^-npocTpaHCTBo, cocToniriee H3 nocjie^oBaTejiBHocTen 

KOMnjieKCHBIX HHCejI X={xi,X2,...}, TaKHX, HTO 



|x||g := S2 \x k \ 2 k 29 < oo. 



PaccMOTpnM cnen,HajibHBie nocjie;i;oBaTejiBHocTH 

e 2s _ x = { 0, 2-< 2s - 1 \ 0, 4-( 2s ~ 1 ), 0, O-^- 1 ), . . .} n 

e 2s = {2"^, 0, 4"^), 0, 6"^,...}, , = 1,2,.... 

SaMeTHM, hto nocjie^oBaTejiBHocTB e p npHHafljie>KHT npocTpaHCTBy Z| npn ^ 9 < p — 1/2 h 
e p He npHHafljiexaiT I® npn ^ p— 1/2. ^jih (pHKcnpoBaHHoro 9^0 o/rriosHaHHo onpeflejraeTca 
uejioe hhcjio m, noflHimeHHoe ycjioBnio m — 1/2 ^ < m + 1/2. /Jjih Taxoro 9 onpeflejiHM 
npocTpaHCTBo l e D Kax KOHenHOMepHoe pacninpeHne npocTpaHCTBa / 2 e cjieflyiom^iM o6pa30M 

l° D = l e 2 ® span{e fc }^ =1 . 

TaKHM o6pa30M, l e D coctoht H3 sjieMeHTOB x + J^^ Ck^ki r^e x 6 1% , a {c^}^ — npon3BOJiBHBie 
KOMnjieKCHBie nncjia. CKajiapHoe npon3Beji;eHHe sjieMeHTOB H3 Ify onpe^ejiaeTca cpopMyjioii 

mm m 

(x + ^ °k e k, y + ^e fc ) = (x, y) e + c k d k , 

k=l k=l k=l 
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r^e (x, y)g — CKajiapHoe npoH3Be^eHHe b 1%. IlocTpoeHHoe npocTpaHCTBO cbhjkgm c peryjiapn- 
30BaHHBiMH cneKTpajiBHBiMH ^aHHBiMH fljia onepaTopa L d ■ Xots 3to npocTpaHCTBO onpe^ejieHo 
kbk KOHeHHOMepHoe pacinnpeHHe BecoBoro npocTpaHCTBa 1%, ero sjieMeHTbi yno6Hee 3armcbi- 
BaTB b cpopMe oGbihhbix nocjie^oBaTejiBHocTefl. Hanpimep, npn 3/2 ^ 9 < 5/2 sjieMeHTbi 
npocTpaHCTBa Z|, coctost H3 nocjie^oBaTejibHocTefi {x^f c Koop^HHaTaMH 



H3 Taxoro npe^cTaBjiemiH jierxo cjie^yeT, hto npocTpaHCTBO KOMnaKTHo bjicokcho b npo- 

CTpaHCTBO if) npil 77 > 9 (3^eCB MBI npHHHMaeM BO BHHMaHHe KOMnaKTHOCTb BJIOJKeHH3 I2 ^ 1$ 

npn 77 > 9). 

Onpe^ejiHM HejinHeftHbift onepaTop 



r,n,e nncjia {s^} onpe,n;ejieHbi paBeHCTBaMH (jl.2p . H3 pe3yjiBTaTOB pa6oT [TT] h [4] cjie^yeT, 
hto nocjie^oBaTejiBHocTH, o6pa30BaHHbie H3 peryji5ipH30BaHHbix cneKTp ajiBHBix flamibix b npa- 
bbix nacTHx paBeHCTB fll.2p iiBjiaioTcs nocjie^oBaTejibHocTaMH H3 I2 flJis Jiro6oii nepBoo6pa3Hofl 
a = J q(x) dx G £2(0,71"). ITosTOMy onpe^ejieHHbifi paBeHCTBOM (II .31) onepaTop F KoppeKTHO 
onpeflejieH xax onepaTop 113 L 2 b h- Bojiee Toro, corjiacHo pe3yjibraTaM [12J 11 [14J, o6pa3 
cyaceHHs 3Toro onepaTopa Ha co6ojieBCKoe npocTpaHCTBO , 9 > 0, jie:>KHT b npocTpaHCTBe 
I p. Hmchho fljiH sTofl uejin Mbi npoBo^HJiH pacirmpeHUH npocTpaHCTB Z| ■ Be3 npHCOe^HHeHHH 
k Z| cneuHajibHbix nocjie^oBaTejibHocTeft cooTBeTCTByiomufi pe3yjibTaT HeBepeH. 

BaacHyio pojib b ^ajibHeflineM nrpaioT pe3yjibTaTbi, ^oKa3aHHbie b pa6oTe [T3], KOTopbie fljia 
yn;o6cTBa npHBe^eM 3^;ecb b HyjKHOM HaM bh^c 

TeopeMa 1.1 Upn jho6om dpnKcnpoBaHHOM 9^0 nejinnennbm oneparop F KoppeKTHo 
onpeppnen kqk oneparop H3 npocTpancTBa W® b l e D n flncpcpepeHn,npyeM no Opeme b KayK^on 

TOHKe (cpyHKUHH ) (7 npH yCJIOBHH, HTO 3Ta (pyHKUIlR BeW,eCTBeHH03HaHHa, a HHCJia Xk(o') He 

paBHbi Hyjiw. B nacTHocTH, 9tot onepaTop flHdpdpepeHi^HpyeM no Openie b Tonxe a = 0, npnneM 
npoH3BOflHaz no Openie b stovl Tonxe ecTb jinnennbm oneparop T, onpe^ejiaeMbin paBeHCTBOM 



^OKa3aTejibCTBO 3Toro yTBepjK^eHHa nojiynaeTca: H3 IIpe^jio>KeHH3 1 h TeopeMbi 4.2 pa- 
6oTbi [13J. □ 

TeopeMa 1.2 IIpocTpaHCTBa o6pa3yioT niKany KOMnaKTHo BjioiKeHHbix ppyr b ppyra 
npocrpaHCTB, 3aMKHyTbix OTHOcnTejibHO nmepnoimnnn (r.e. [lp, l^] T = npn Bcex 9^0, 
rG [0,1]). Hpn jik>6om 9^0 oneparop T n30Mop(pHo oTo6paxaeT npocTpaHCTBO W$ {1} Ha 

^OKa3aTejibCTBO nepBoro yTBepjK^eHHH stoh TeopeMbi nojiHocTbio noBTopaeT ^OKa3aTejib- 
ctbo IIpe^jiojKeHHa 4 H3 pa6oTbi [TT]. BTopoe yTBepjK^eHne ^oxasaHo b IIpe^jiojKeHHH 3 pa- 
6otm |T3]. □ 




ecjiH k HeneTHo, 
ecjiH k neTHO, 




(1.3) 





Cjie^yiomaa TeopeMa HBjiseTCH KjiroieBoft fljia ^oKa3aTejit>CTBa saKjiioHHTejiBHoft TeopeMbi 
pa6oTt>i o paBHOMepHofi ycroHHHBocTH. B lacTHocTH, oHa roBopuT, hto paccMaTpHBaeMoe oto6- 
paxceHne F HBjiaeTca cjiaGo HejiHHeftHbiM, T.e. KOMnaKTHbiM B03MymeHneM jiimeHHoro oTo6pa- 
aceHHH (npH 9 > 0). 

TeopeMa 1.3 IIpii jik>6om (pHKcnpoBaHHOM 9^0 oneparop F oTo6paxaeT npocTpaHCTBo 
W® b l d D h fionycKaeT npeRCTaBjiemie BHfla 

F(a)=T a + $(a), 

rpe T — jjHHe&HbiH oneparop, onpepejieHHbm b TeopeMe 1.1, a $ oTo6pa?KaeT npocrpaHCTBo 
W% Bl£, me 

'26, ecjm0^9^1, 
9 + 1, ecjiH 1 ^ 9 < 00. 

KpoMe mro, OTo6payKenne $ : W® —> aBjiaeTca orpaHHHeHHbiM b jik>6om uiape, T.e. 

||$(<t)|| t < C(R), ecjiu \\a\\ e ^ R, 

r^e nocToaHHaa C 3aBHCHT tojibko ot pappy ca uiapa R. 

^OKa3aTejii>CTBO stoh TeopeMbi npoBe^eHo b paGoTe (T3J. □ 

Tenepb npHBe^eM BaJKHBie pe3yjiBTaTBi 06 onepaTopax npeo6pa30BaHiia, KOToptie xopoino 
H3BecTHBi b KjiaccHHecKOM cjiynae, a rjiz CHHryjiapHbix noTetmnajiOB q 6 W^ 1 nojiyneHBi 

TpHHHBBIM H MhKHTIOKOM |4j - [5 J . 

TeopeMa 1.4. (cm. [I]) TLycTb cpyHKiiHH out BeiijecTBeHHbi h npima/iJiexaT npocrpaH- 
CTBy L2IP, 71"]. HycTb Ld(o) h Ld(t) — oneparopbi UlTypMa-JlnyBHjijia, nopoxpeHHbie fl,n(p- 
(pepeHii,HajibHbiMH BbipaxeHHHMH —y" + o'y 11 —y" + r'y cooTBeTCTBeHHo h KpaeBbiMH ycjio- 
BH3MH JFapuxne y(0) = y{it) = 0. 06o3Ha z iHM nepe3 s CT (x, A) h s t (x, A) pemennn 3ap@H Koiiih 
—y" + a'y = Xy m —y" + r'y = Xy c HaHajibHbiMH ycjioBHHMH s(0, A) = 0, (0, A) = y/X. Torpa 
Ha&fleTca dpyHKiian k n ^{x, t) c KOHeHHoii HopMoB 

\\k\\ := max{ max \\k(x, OIL,, max \\k(-, t)\\L 2 }, 

a:g[0,7r] te[0,ir] 

TaKaa, hto 

r 

s T (x, A) = s a (x, A) + / k a)T (x, t)s a (t, X)dt. 
Jo 

TeopeMa 1.5 (cm. [5]) TLycTb {X&AT n {Afc iT }i° ~~ co6cTBeHHbie 3HaHeHHa oneparopoB 
L D (o) h L d {t), a {(pk,a = s a (x, Afe i0 -)}J° 11 {(fk,T = s r (x, Afc,r)}i° ~~ cooTBercTByioujiie co6cTBeH- 

Hbie CpyHKITKH. IIOJIOXHM ak t a = \\(pk,a\\ 2 , ®k,T = H^fc.rH 2 H OnpeflejIHM (pyHKI^HK) 



°° / 1 

F ffiT (x,t) = V 



aha 



Torpa BbinojiHeHo ypaBnemie TenbcpanRa-JIeBHTana-MapHebiKo 

X 

(1.4) KA X ^) + Fc,r{x,t) + J /c (T)T (x,s)F CTiT (s,t)(is = 0. 



(-) 



A.M.CaBHyK, A. A. IIlKajiHKOB 



TeopeMa 1.6 (cm. [5J) IIpe/inojioiKHM, hto dpyHKHHa F ajT (x,t) HenpepbiBHa Ha KBappaTe, a 
(pyHKUHR k aiT (x, t) HenpepbiBHa npn t < x. Tor^a 

(1.5) t(x) - u{x) = 2k a:T (x,x) + C, 

r^e C — HexoTopaa nocTOSHHaa. 

Otmcthm, hto b paGoTax [4] h [5] nocne^HHe Tpn TeopeMM flOKa3aHt>i rjik cjiyHaa a = 0. 
IIepexo,n k npoH3BOjibHofl cpyHKHHH a mojkho ocymecTBHTb npneMOM H3 KHHTH |6j TJI.l, §1]. 

2. ^pyrne CBoftcTBa OTo6pa>KeHHa F. XapaKTepH3au,Ha cneKTpajiBHBix ,n,aHHi>ix. 

PaBHOMepHaa ycTOHHHBOCTB. 

Mm y>Ke oTMenajiH, hto b paccMaTpHBaeMofi 3a,n;aHe cpyHKHino a mojkho BoccTaHaBjiHBaTt 
jiHiiib c tohhoctbio ro KOHCTaHTti. IIoBTOMy ,n;ajiee yn;o6Hee pa6oTaTt He c npocrpaHCTBOM 
o G W® {1}, a c cpaKTop-npocTpaHCTBOM a G W$/{1}. IIo^;pa3yMeBaeM, hto CKajiap- 
Hoe npoH3Be^;eHHe cpyHKHHH f,g G W 2 /{1} onpe^ejieHo paBeHCTBOM (f,g)e = (fo,go)e, r,ne 
/o,So6^e{l}. 

06o3HaHHM nepe3 T e mhojkcctbo BemecTBeHHbix cpyHKHHii a G W$/{1}, fljia KOTopbix 
Ai(cr) ^ 1/2, a nepe3 B®(R) — nepeceneHHe MHoxcecTBa T c 3aMKHyTbiM rnapoM B^(R) pa- 
fluyca R b npocTpaHCTBe W^. 3,n;ecb hhcjto 1/2 Bbi6paHo fljisi onpe,n;ejieHHocTH h npocTOTbi, 
BMecTo 1/2 McoKeT yiacTBOBaTB jiio6oe hhcjio n > 0, ho Tor^a b (12. ip h ( 12. 3 p bmccto s 2 ^ 
Hy>KHO nncaTb S 2 ^ y/fj — 1 . 

Ecjih a G r , to co6cTBeHHbie 3HaneHHH onepaTopa Lo no,n,HHHeHbi ycjiOBHHM 
1/2 ^ Ai < A2 < • • • • J\nst peryjiapH30BaHHbix cneKrpajibHbix ^aHHtix sth HepaBeHCTBa skbh- 
BajieHTHbi cjie^yiomHM 

(2.1) s 2 > 0, s 2fe -s 2 fe+2<l, fc = l,2, .... 

YcjIOBHil HeOTpHI];aTejIBHOCTH BCeX HOpMHpOBOHHblX HHCejI 3KBHBajI6HTHBI yCJIOBHHM 

(2.2) s 2k ^>-n/2, k = l,2,.... 

IIocjieflOBaTejiBHocTb G l 2 , nosTOMy fljia jhoGoh BemecTBeHHoft cpyHKHHH a G T e D Hafl- 

fleTca hhcjio h = ft(er) > 0, Taxoe, hto 

(2.3) s 2 ^ 0, s 2fc - s 2J t+2 < 1 - h, s 2k -i ^ -7r/2 + ft,, fc = l,2,.... 

OnKcnpyeM npoH3BOJibHbie HHCJia r > h ft 6 (0,1). 06o3HaHHM nepe3 Q e (r,h) cobo- 
KynHocTb BemecTBeHHbix nocjie^oBaTejibHocTeii ^jia kotopbix BtinojiHeHBi HepaBeHCTBa 

(12. 3p h KOTopbie jieacaT b 3aMKHyTOM niape pa^nyca r npocTpaHCTBa l^, T.e. ||{sjfc}||e ^ r (3^;ecB 
h flajiee no^;pa3yMeBaeM, hto || • ||@ osHanaeT HopMy b npocTpaHCTBe l^). Hepe3 Q 9 o6o3HaHHM 
MHoacecTBo Bcex BemecTBeHHbix nocjie^oBaTejibHocTefl {s^f G fljia KOTopbix cnpaBe^jiHBbi 
HepaBeHCTBa ( 12. ip h ( 12. 2p . 

JXjis ^0Ka3aTejiBCTBa TeopeMti 2.5 HaM noHa^oGnTCH cjie^yron^HH BaacHbiH pe3yjibTaT, ko- 
ToptiH flaeT HBHoe onncaHHe npoo6pa3a oTo6pa>KeHHH F npn H3MeHeHHH tojibko o^hoh H3 
Koop^HHaT b npocTpaHCTBe Ip. IIoxojKHe (popMyjibi ^jih 3a^;aHH BoccTaHOBjieHHH no o^HOMy 
cneKTpy HMeioTca b KHHre [8j . Ho ^0Ka3aTejiBCTB0 Hainero pe3yjibTaTa npoBo^HTCH Ha ^pyroM 
ny™. 

JleMMa 2.1 IlycTb {A^} h {a k } — co6cTBeHHbie 3HaneHHa h HopunpoBonHbie nncjia one- 
paropa c dpyHKHHeR a G W 2 , 0^0. Tor^a fljia jno6oro cpHKcnpoBaHHoro n ^ 1 h fljia 



jiK>6oro^ G (A n _i — A n , A n+ i — A n ) cynjecTByer (pyHKn^nz a(x, (,) G W® TaKaz, hto oneparop Ljj, 
nocTpoeHHbili no 3Ton dpyHKnnn hmggt cneKTp {Afc + £<5fc n }i° (3flficb 5kn — chmboji KpoHexepa) 
n HopMHpoBOHHhie nncjia JJanee, fljia jiio6oro (pnncnpoBannovo n ^ 1 h fljia jno6oro 

£ G +00) cynjecTByeT cpyHKnna a(x, £) G raxaa, hto oneparop L D , nocTpoeHHbin no 

9TO& dpyHKnnn nMeer cneKTp {Xk}f n HopMnpoBOHHbie nncjia {a^ + £<5fcn}i°- 

^OKa3aTejibCTBO. JIjisi cjiynaa KjiacciinecKHx noTeHuiiajioB 3Ty jieMMy mojkho BBiBecTH 
H3 ypaBHeHHa rejib^aHfla-JleBHTaHa-MapneHKo c noMomtio H3BecTHoro b TeopHH cojihtohob 
npneMa HocTa-Koim (cm., HanpuMep, |6] rji. 2.5.7.]) B o6meM cjiynae BocnojiB3yeMca ccpopMy- 
jinpoBaHHBiMH b npefltmymeM naparpacpe TeopeMaMH 1.4 - 1.6. 

B nepBOM cjiynae, Kor^a MeHHeTCH coGcTBeHHoe 3Hai6Hiie A n 1 — y X n -\- ^ HMeeM 

F(x,t) = —(s a (x,X n + £,)s a (t, A n + - s a (x, X n )s a (t, A n ). 

B 3tom cjiynae ypaBHeHHe TejiBcpaH^a-JIeBHTaHa-MapHeHKo jierxo peinaeTca. ^eflcTBHTe jibho , 
6yn;eM HCKaTB peiiieHne — (pymajnio k(x, t) b BH^e k(x, t) = ci(x)s a (t, X n ) + C2(x)s cr (t, X n + £), 
r^e t < x. Tor^a ypaBHeHHe ( II. Ah cbo^htch k jTHHeiiHOH CHCTeMe 

' X X 



x a; 

c 2 (x) + £s ff (z, An + + ^(x) J s CT (t, A n )s CT (t, A n + + ±c 2 (x) J s 2 a (t, X n + £)dt = 0. 



IIojib3yHCb cpopMyjiofi (II .5|) noTeimnaji <t(x,£) mojkho HanncaTB b hbhom BH^e 

(2.4) a(x,t) = a(x)-2±lnG(x,0, 

me 

2 



G(x, £) = 1 + a n / si(t, X n + e)dt 1 - a~ L / s£(t, A„)dt 



a n y s CT (i, A n + £)s CT (i, Xn)dt 
HanoMHHM, hto 3^ecB s a (x, A) ecTB penieHHe ypaBHemia — y" + cr'y = Xy c HanajiBHBiMH ycjio- 

BH9MH S CT (0, A) = 0, Sct (0, A) = \/A. 

Ilpn H3MeHeHHH o^Horo HopMHpoBOHHoro HHCJia (popMyjia HMeeT 6ojiee npocTofi bh^: 
(2.5) a(x,Z) = a{x)-2±hiG(x,Z), 

me 

G(x, = 1 + ((a n + " a; 1 ) / *l(t, K)dt. 

Jo 

□ 

JleMMa 2.2 iTpif jik>6om (pnKcnpoBaHHOM 6 G [0, 1/2) oTo6payKenne Fd : r e — >• fi e cjopt- 

eKTHBHO. 

^OKa3aTejii>CTBO. BocnojiB3yeMca npneMOM H3 KHurn IIoinejiH h Tpy6oBHu,a [8J. CorjiacHo 
TeopeMaM 1.1 h 1.3 npoH3Bo^,Haa no Opeine oTo6pa>KeHHa F b Tonxe a = coBna^aeT c one- 

paTOpOM T, KOTOpBlfl HBJIHeTC2 H30MOp(pH3MOM. B CHJiy TeopeMBI 06 o6paTHOM OTo6paJKeHHH 

rjik jiioGoro ^ocTaTOHHo Majioro nncjia e > Hafl^eTca Taxoe 5 > 0, hto o6pa3 inapa ||<t|L < 5 



■s 
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npn oTo6pa>KeHHH F HaKpBiBaeT map ||s||e < e. Iipn 9 < 1/2 npocTpaHCTBo lp coBna^aeT c 
npocTpaHCTBOM I®. /Jjih ^aHHoro s = {sfc} G Q 9 paccMOTpHM nocjie^oBaTejiBHocTB 

s n = {0, 0, . . . , 0, s n , s n+ i, . . . }, 

BBi6paB hhcjio n Tax, htoGbi ||s n ||£i < e. Tor^a Hafl^eTca e^HHCTBeHHaa cpyHKHHH <j n G W®, 
o6pa3 KOTopofi F(a n ) coBna^aeT c s ra . IIpHMeHHB jieMMy 2.1 (n — 1) pa3, noerpoHM (pyHKirnio 
a G r e C W^r, ^ Jia KOTopofi Fa = s. 3to h o3HanaeT, hto o6pa3 oTo6paaceHHH F co^;ep>KHT 
Q e . JleMMa ^oKa3aHa. □ 

JleMMa 2.3 OTo6payKemie Fq : T e — )■ fi 6 * ciopbeKTHBHO npn jik>6om cpHKcnpoBaHHOM 9^0. 

^OKa3aTejii>CTBO Ecjih npn 6* G [0,1/2) ciopteKTHBHOCTB ysce ,a;oKa3aHa, to nepexojj; k 
npoH3BOjibHOMy 9^0 ocymecTBjiaeTCH c noMombio TeopeMBi 1.3 jj;ocjiobhbim noBTopeHneM 
^,OKa3aTejiBCTBa TeopeMBi 2.1 Hanien pa6oTBi [14J. □ 

JleMMa 2.4 ITpn jiio6bix cpHKCHpoBaHHbix 9^0 oTo6paxeHHe F : T e — )■ Q 9 hhbgrthbho. 

^OKa3aTejii>CTBO CouuieMca Ha pa6oTy TpHHHBa n MnKHTioKa j5], rjj;e hht.6kthbhoctb 
^OKa3aHa fljis 9 = 0, a 3HaHHT n fljia Bcex ocTajiBHBix 0^0. Otmcthm TaK>Ke, hto ,n;oKa3aTejiB- 

CTBO 3TOH JieMMBI MOJKHO npOBeCTH MeTOflOM pa6oTBI [TT] (CM. JieMMy 6) C yieTOM JTpKa3aHHOH 
HHJKe JieMMBI 2.9. □ 

TeopeMa 2.5 iTpif jik>6om (pHKcnpoBaHHOM 9^0 OToGpamenne F : T e — )■ fi 61 ecTB 6neK- 

^OKa3aTejii>CTBO. yTBep>Kja;eHiie TeopeMBi ecTB cjie^cTBiie jieMM 2.3 h 2.4. □ 

06o3HanHM nepe3 fi 6 * MHOJKecTBo nocjieflOBaTejiBHocTeft {sfcjf 3 G Z^, fljia kotopbix hhc- 
jia Afc = (s2k + ^) 2 o6pa3yioT cTporo B03pacTaioiii;yio nocjie/apBaTejiBHocTB, a Bee nncjia 
= S2fe-i + 7r/2 nojiojKHTejiBHBi. SaMeTHM, hto ecjiH k (pyHKirnn a, KOTopofi onpejj;eji5ieT- 
ca onepaTop , ,a;o6aBHTB cpyHKirnio cx, to stot onepaTop nepefi^eT b Ld + c, T.e. ero cneKTp 
c^BHHeTca Ha c, a HopMnpoBOHHBie HHCJia yMHoacaTCH Ha KoscpcpnnneHTBi ^ x p~^ c ■ IIojiojkhm 



(2.6) s 2k {c) = ^\ k + c -k, S2k _ 1 ( c ) = £±E(s 2k _ 1 + z j 2 . 



IIpH 3tom ecjiH ojxho H3 A n = 0, to, corjiacHO onpe^ejieHHio, HopMnpoBOHHoe hhcjio 
c^n(c) = \/ca n , a cooTBeTCTByiomee hhcjio S2n-i( c ) = \/c(s2n-i + tt/2) — 7r/2. IIocKOJiBKy 
cx G npn Bcex # ^ 0, to {sk(c)}f G Z_p ecjiH h tojibko ecjiH {sfc(0) } J° G Z^,. Cjie^OBaTejiB- 
HO , G fi 61 ecjiH h tojibko ecjiH Halija;eTC5i c ^ 0, Taxoe, hto {^^(c)}^ G fl e . H3 c^ejiaHHBix 

3aMeHaHHH cjiejj;yeT 

TeopeMa 2.6. OTo6paxeHHe F : W$ R /{1} — >■ fi 6 ecTB 6HeKu l Ha. Hncjia {\k}T H i a k}T 
npeflcraBjiaioT cneKTp h HopMHpoBOHHbie nncjia oneparopa ecjm h tojibko ecjiH nepBaa 
nocjieixoBaTejiBHOCTB aBjiaerca crporo mohotohhoh, BTopaa coctoht H3 nojioxHTejiBHBix HHceji 

x{s k }?el e D . 

,Hajiee cymecTBeHHo HcnojiB3yioTC2 aHajiHTHiecKHe cBoficTBa oTo6pa>KeHHH F. Mbi npejj;- 
nojiaraeM, hto HHTaTejiB 3HaKOM c onpe^ejieHHeM npoH3Bo^HBix no Openie h TaTo ^;jih oto6- 
pajKeHHH F : U —±H, r^e U — oTKpBiToe MHoacecTBo b E, a E h H — cenapaGejiBHBie 
rnjiBGepTOBBi npocTpaHCTBa. JXjis KOMnjieKCHBix rnjiBGepTOBBix npocTpaHCTB npoH3Bo^HaH no 
Openie ecTecTBeHHo onpe^ejiHeTCH b KOMnjiexcHOM cMBicjie. OTo6paaceHne F : U — )■ H Ha3Bi- 
BaeTca aHajiHTnnecKHM, ecjin cymecTByeT KOMnjieKCHaa Openie npon3Bojj;Ha3 b KajKjj,oii Tonxe 
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x G U. Opeine npoH3Bo^Hyio b TOHKe x ^ajiee o6o3HanaeM nepe3 F'(x). EcTecTBeHHbiM o6pa- 
30M onpe^ejiaeTca noHHTue BemecTBeHHoro aHajiHTHHecxoro oTo6pa:aceHHH, cm., HanpHMep, [8]. 
OTo6pa»ceHHe F : U — > H Ha3BiB acres cjiaGo aHajiHTHHecKHM, ecjiH b KOMnjiexcHOM cMbicne 
jxncpcpepeHHHpyeMbi no TaTo Koop/xHHaTHbie cpyHKHHH (F(x),e k ), r/re {e k }f — opTOHopMH- 
poBaHHBifi 6a3Hc npocTpaHCTBa H. H3BecTeH pe3yjitTaT j8], KOTopbift 3HaHHTejibHo ynpomaeT 
npoBepxy aHajiHTHHHOCTH OToGpaaceHHs: 

IIpe,zi,jio:>KeHHe 2.7. Ecjih F : U — )■ H cjia6o aHajiHTHHecKoe oTo6paxeHHe h jioxajibHO b 
Ka^K^oli TOHKe x G U orpaHHHeHo, to F — aHajiHTHHecxoe oto(5 paxeHHe. 

JX&jiee mm roBopHM 06 oToGpaxceHHnx 3aMKHyTBix mhojkcctb (MHOJKecTB BH^a fl(r, h)). Hto- 
6bi He /rejiaTb jjpnojiHHTejibHbix o6T>HCHeHHH, Bcio/xy cnnraeM, hto oToGpaxceHne F : D — >• H 
aHajiHTHHHo Ha 77, ecjin Haft/reTCH oTKpbiToe MHoacecTBo U, Taxoe, hto U D D h F : U — )■ 77 

aHajIHTHHHO . 

TeopeMa 2.8. IJycTb 9 ^ h a E T e . Torpa HaSpeTca KOMnjieKCHaa OKpecTHOCTb U G 
tohkh a, TaKaa, hto oTo6paxeHHe F : {7 — >■ /|, siBjiaerca bgui^gctbghho aHajiHTHHecKHM. B 
9toh oxpecTHocTH oTo6pa>KeHHe $ = 7 1 — T : U — V IJ), rp^e r onpepejieHo b Teopeue 1.3, 
TaKxe HBjiaeTca BeujecTBeHHO aHajiHTHHecKHM. HpoH3BoiiHaH b tohkc a G U onpeflejineTcn 

paBeHCTBOM 



k= 



(2-7) F'(a)f={(<p k (x),f(x)) 

me 

(2.8) ip 2k „ x {x) = 2a k \S(z(x, X)z'(x, A))| A=Afe , p 2k (x) = -^jM^l j fc = i, 2 



3flecb f G W 7 ! — cpyHKiiKR, Ha Koropyio flencTByer onepamp F'(p) : W 2 — > if), y n = y{x, A n ) - 
co6cTBeHHbie (pyHKHHH oneparopa Lp, HopMHpoBaHHbie ycjioBHHMH 7/^(0, A n ) = a/A^, a A) 
- peuieHHe ypaBHeHHH —y" + cr'(x)y = Xy c HanajibHbiM ycjioBHGM z(tt, A) = 0, HopMHpoBaHHoe 
ycjioBWGM Jq z 2 (x, X)dx = YTBepyKiieHHe 06 aHajiHTHHHOCTH (o6bihhoh) coxpaHzeTcx, ecjm 
ycjioBne a G V 9 3aMeHHTb ycnoBHGM a G W 2 \ h noTpe6oBaTb, hto6m HOJib He 6mji coGctbghhbim 
3HaHeHHeM oneparopa Lp. 

/4oKa3aTejibCTBO. B cnjiy TeopeMBi 1.3 h npe^jioxceHHH 2.7 ^ocTaTOHHo ^OKa3aTB, hto 
onepaTop, onpe^ejieHHbiH b (I2.7|) HBjiaeTCH npoH3Bo^,Hofi oTo6pa»ceHHH F no TaTo. ITpn stom 
nojioBHHa cpopMyji yace ^OKa3aHa b Hamefl paGoTe [11] , 7J,eHCTBHTejiBHo, ecjin a(t) — a + tf, 
rpp t — MajiBili KOMnjieKCHBifi napaMeTp, to 



A fe (0) 



TaKHM o6pa30M, Heo6xo^HMo jihhib HaliTH 3HaneHH3 npoH3Bo^HBix d n (0). 3to TpeGyeT t6xhh- 
HecKofi paGoTbi. 

06o3HaHHM nepe3 v(x, A) peineHHe ypaBHeHHH — v" + a'v = Av c rpaHHHHtiMH ycjioBHSMH 
v(ir, X) = 0, vW(0, A) = 1. Taxoe penieHHe onpe^ejieHo npn Bcex KOMnjieKCHBix A 3a hckjiio- 
neHHeM coGcTBeHHBix 3HaneHHH v n 3a^;aHH HeHMaHa-/J,HpHxjie. HaM 6yfleT ^ocTaTOHHo cyrne- 

CTBOBaHHH 3TOTO peHieHHH B MajIBIX OKpeCTHOCT3X |A — A n | < E n TOHeK X n . TaKHe OKpeCTHOCTH 

cymecTByioT, nocKojitKy nncjia A n h v n pasjiHHHbi. Hepe3 w(x, A) mm o6o3HanHM ^pyroe penie- 
HHe ypaBHeHHH — w" + crw = Aw c HanajibHbiMH ycjioBHHMH w(0, A) = 1, wM(0, A) = 0. Cpa3y 
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ace 3aMeTHM, hto cpyHKHnn v h w jiHHefiHo He3 aBHCHMbi , a nx BpoHCKnaH paBeH —1. IIojiojkhm 
a (A) := A Jq v 2 (x, X)dx n 3aMeTHM, hto b TOHKax X n 3HaHeHHH stoh cpyHKirnn coBna^aioT c 
HopMHpoBOHHbiMH nncjiaMH a n . ,H,ajiee HaM noTpeGyeTca BbipaaceHHe peuieHHH Heo^Hopofl- 
Horo ypaBHeHHH — y" + cr'y = Xy + / c npaBoft nacTbio / G Li[0,7r] h KpaeBbiMH ycnoBHHMH 
y(7r, A) = 2/^(0, A) = 0. Jlerxo npoBepHTb, hto 

X 7T 

(2.9) y(x, A) = -v(z, A) J w(e, A)/(0de - w(x, A) / v(£, A)/(0^. 

x 
B HaCTHOCTH Mbl MOJKeM HaHTH BbipaJKeHHe flJIH CpyHKHHH V\(x, A) — npOH3BOHHOH (pyHKHHH 

v(a;, A) no A (bo H36e:acaHHe Hen,opa3yMeHHH n,ajiee ihtphxom o6o3HanaeM npoH3BOHHyio no x, 
tohkoh — npoH3BO^Hyio no t n HHneKCOM A — npoH3BOHHyio no A) . ^ncpcpepeHnnpya ypaBHeHna 
fljia (pyHKHHH v no nepeMeHHon A npn^eM k paBeHCTBy 

-v'i + a'v x = \v\ + v, v a (tt, A) = v^O, A) = 0. 

Tor^a HMeeM 

X 7T 

v x (x,X) = -v(x,X) J w(f,A)v(f,A)df-w(x,A) / v 2 (£,AK. 

x 

PaBeHCTBO (12. 9 p no3BOJiHeT Taxace nojiyHHTb BbipaaceHne fljia (pyHKHHH v(x, A). ,II,eHCTBHTejib- 
ho, ^,H(p(pepeHn;HpyH ypaBHemie — v" + cr'v = A n v no nepeMeHHon t b TOHKe t = 0n ynnTbmaa, 
hto a — a + tf, a A n TaiQKe ecTb (pyHKHHH nepeMeHHon t, nojiynnM 

-v" + a'v = X n v + {X n - />, v(tt, A n ) = vW (0, A n ) = 0. 

Torn,a 



v(x, An) = -v(z, A n ) y w(f , A n )(A n - /'(0)v(£, A n )^ - w(x, A n ) j v 2 (£, A n )(A n - f (OR- 

x 

^ncpcpepeHnnpyn no t BbipaxceHne a n = a(X n ), nojiynnM 

7T 7T 

(2.10) a n = X n J v 2 (x,X n )dx + 2X n J v(x, X n )v(x, X n )dx. 

o o 

IIpeo6pa3yeM nocrrenHHH HHTerpaji 



v(x, X n )v(x, X n )dx = - J v (x,X n ) J w(£,A n )v(£, A„)(A n - /'(£))*; 



- / v(x,A n )w(x,A n ) f v 2 (e,A n )(A„-/ / (0K = 
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- /(An-/'(0)v(e,A„) 



w(£>A n ) / v 2 (x, X n )dx + v(£, A n ) / v(z, A n )w(x, A„)dx 



(A„-/'(0)v(£,A n )v A (£,A n R. 



IIoflCTaBjiHa nojiyneHHoe BbipaaceHne b cpopMyjiy f)2.10p h yniiTbiBaH, hto 



A, 



JV(£,A n )f(£K 
_o 

7T 

f v 2 (x, X n )dx 
o 



nojiyiHM 



(2.11) a n 



1 + 



2A„J v(x, X n )v x (x,X n )dx 
o 



J v 2 (x, X n )dx 
o 



7T 

v 2 (Of(0 - 2A n J v(& A n )v A (£, A n )/'(£)^. 



3aMeTHM Tenepb, hto 

a A (A r 



v 2 (x, A n )cte + 2A n / v(x, A„)v A (x, A n )ob, 



a Tor^a (12. lip mojkho npeo6pa30BaTB k Bupy 



(2.12) 



d\ 



o 

a(A) 



./• t- io v(x, A) = z(x, A)\/«(A), a 3HaHHT oKOHHaTejibHo HMeeM 



Q 

A ! 



IIocKOjibKy Jq v 2 (x, X)d 

= -An«„^ U z 2 {^ X n )f(Z)dA = X n a n -^ I J 2z(£, X n )z'(Z, A n )/(£K ) • 

TeopeMa ^oxasaHa. □ 

JleMMa 2.9. B o6o3HaHeHHax jieMMbi 2.8 cncTeMa (pyHKijjiH {<f k }^° , rp^e 

(2.13) ^ 2fe _!(x) = 2a k X k ^-(z(x, X k )z'(x, A,)), V2k (x) = - V '^ y ^ , 

ctA afeVAfc 

HBjmeTca 6a3HcoM Pncca b npocrpaHCTBe L 2 (0, 7r)/{l}, KBappaTHHHo 6jih3khm k 6a3H- 
cy {(x — 7r) cos(2A;x), — i sin(2fcx) }°°. BHopToroHajibHaa cncreMa k {^> k (x)}^° HhieeT bur 
{tfj k (x)}^°, me 



fc = l,2,..., 



(2.14) 



2^ d 

ctA; <iA 



(y 2 (x,X k )) . 
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^OKa3aTejii>CTBO. BHanajie mm ^oKaaceM cooTHomeHiisi GiiopToroHajiBHocTH. PaccMOTpHM 

(pyHKITHK) 

5 m (\) := I y 2 (x,X)(y 2 m (x))'dx. 



IIpoBe^H HHTerpupoBaHHe no lacTHM, nojiyniiM S m (X) = — f£ \y 2 (x, X))'y^ l (x)dx. Tor^a 

7T 

25 m (A) = / (y 2 (x, X){y 2 m {x))' - (y 2 (x, X))'y m (x)) dx = 



IT 

= 2 J y(x,X)y m (x) (y(x, X)y' m (x) - y'(x, X)y m (x)) dx. 
o 

Ilpn A = X m HMeeM S m (X) = n ^ajiee cniiTaeM A ^ X m . IIocKOJibKy 
(y(x, X)y' m {x) - y'(x, X)y m {x))' = (A - X m )y(x, X)y m (x)dx, to 

IT 

25 m (A) = - _^ y (y(x, X)y' m {x) - A)y m (x))' (y(x, X)y' m (x) - A)y m (x)) dx = 
o 

= W, WJx) - A) 2/m (x)] 2 |j = f^-yV, A). 

IIocjie^Hee BBipajKemie o6pain;aeTCJi b hojib BMecTe co cBoeft nepBofi npoH3Bo^Hofi b Tonxe 
A = A n 7^ A m . TaKHM o6pa30M mbi jj;oKa3ajiH, hto (y?2n, V^m-i) = npii jiio6bix n h m, a 
(v?2ra, V^m) = npn jiio6bix n ^ m. 
TenepB paccMOTpHM cpyHKUHio 

7T 

5(X,(j,):= J y 2 (x,X)(z 2 (x,fi))'dx. 
o 

IIpoBOflH aHajioriiHHBie paccy>K^;eHHJi npn /x ^ A npn^eM k paBeHCTBy 

2*(A, //) = [(y(7r, X)z'(n, - (y'(0, X)z(0, /i)) 2 ] . 

A — /i 

TaKHM o6pa30M, 5(X, fj) = Xi(A, /i)(A — A n ) 2 + x 2 (A, /x)(/x — A m ) 2 , r^e (pymarHH Xj(X,fi) aHajin- 
THHHbi b oKpecTHocTH tohkh A = A n , = A m . H3 3Toro npe,ncTaBjieHH5i cjie^yeT, HTO HaCTHBie 
npoH3Bo,n;HBie ^ h (pyHKirxiii 5(A, /i) o6pam;aioTCJi b hojib b stoh tohkc . 3to ^oKa3BmaeT 

COOTHOHieHHH (<f 2 n-l , ^2m) = (V2n-1 > V^m-l) = npH BCeX f!^m. 

^oKasaTejiBCTBo paBeHCTBa (y?2n-i, V^n) = Tpe6yeT ^pyrnx paccy>Kjj;eHHH, nocKOJiBKy 
(pyHKirxra 8(X,ii), HcnojiB3yeMaH BBirne He onpe,n;ejieHa npn A = ji. 3anHineM 

7T 

(ip2n-i,&n) = -8A n J y(x, X n )y x (x,X n )(z(x,X n )z x (x,X n ))'dx. 
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Bhobb HHTerpupyfl no nacTHM, nojiynHM 



(<P2n-i,i>2n) = 4A n / [(y(x, X n )y x (x, X n ))'z(x, X n )z x (x, An) 



A„)?/aO, A n )0(x, A„)z A (:r, A n ))'] dx. 

IIpH A = A ra CpyHKHHH A) H 2; (a;, A) JIHHeHHO 3&BHCHMBI, a 3HaHHT 

7T 

(V2n-i, ^2n) = 4A n / X n )z(x, X n )(y x (x, X n )z' x (x, X n ) - y' x (x, X n )z x (x, X n ))dx, 





r,n,e hh^ckc A o3HanaeT ^HcpcpepeHHHpoBaHHe no A, a niTpnx — ^HcpcpepeHnHpoBaHne no x. 
SaMeTHM Tenepb, hto 

(y(x, X)z'(x, p) - y'(x, X)z(x, p))' = (A - p)y(x, X)z(x, p) 

,H,H(p(pepeHn,HpyH no A n /i nocjie^Hee paBeHCTBo n ycTpeMjiaa A — )■ A n , p — > A n nojiynnM 

{(f2n-ui>2n) = 0. 

,H,oKa>KeM HaKOHen;, hto ((p n ,ipn) — 1- 3 TO paBeHCTBo npn hcthbix n npnHHMaeT bh,h, 

7T 

— / (y 2 (x,X n )) x (y 2 (x,X n ))'dx = 1. 



Bhobb BBe^eM (pyHKnnio 

S(X) = / y 2 (x, A)(y 2 (x, A n ))'ete. 



rioBTopaa paccyjK^eHHH, npnBe^eHHBie Bbinie, nojiynnM 

*(A)= 2 ,* \ J 2 ( ff i A)(^(7r)) 2 . 
a„(A - A n ) 

Tor,n;a 

5 , (A„) = ^(vr,A n )( 2/ ;( 7 r)) 2 = l. 

3,n;ecB mbi Bocnojib30Bajincb paBeHCTBOM a n = y x (ir, X n )y'(7T, A n ), rokbs aHHBiM b paGoTe |13| . 

PaBeHCTBo (<p n , ip n ) = 1 npn HeneTHBix n ^OKa3BiBaeTCH aHajiornnHO nocjie npHMeHeHHH 
cpopMyjiBi A n z A (0,A n ) = -y/cfa. 

HTax, mbi ^oKa3ajin 6nopToroHajiBHocTB chctcm {<^fc}i° h {4 ! k}'\ ) - TenepB ^ocTaTOHHo ^;o- 
Ka3aTB KBa^paTnnHyio 6jih30ctb o,h;hoh H3 sthx chctcm k 6a3ncy Pncca — KBa^paTHHHaa 
6jih3octb ^pyron chctcmbi (k 6nopToroHajiBHOMy 6a3ncy) 6yn;eT cjie^oBaTB Tor^a H3 oGiixhx 
TeopeM. HaM 6yn;eT yn,o6Ho npoBecra ^0Ka3aTejiBCTB0 fljis: chctcmbi {V'fcli - 

AcHMnroTHHecKHe cpopMyjiBi yu{x) = sm(kx) + Xk(x), rp<e J2T=i \\Xk\\c < 00 A OK a3aHBi b 
pa6oTe [10J. B pa6oTe [12] ^,OKa3aHBi acnMnTOTHnecKHe coothoihchhji ^jih hopmhpobohhbix 
HHceji «fc = 7r/2 + p k , r^e Ylh=i \Pk\ 2 < 00 • OTcio^a cjie^yeT, hto 

2 00 

a lvl = -jsin 2 (kx) + Xk, me^WXkWl < oo. 

fc=i 
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HaM, o^Haxo, Hy>KHt>i em;e acHMnTOTHnecKHe BbipaaceHHa ^jia cpyBKniiH y\(x,\k). 06o3Ha- 
hhm Hepe3 s(x, A) h c(x, A) peineHHH ypaBHeHHH — y" + <y'(x)y = Xy c HanajibHtiMH ycjioBHHMH 
s(0, A) = cM(0, A) = 0, c(0, A) = 1, sW(0, A) = \/A. H3 pe3yjibTaTOB paGoTbi [10] cjie^yeT, hto 

A) = sin(vAV) + p±(x, A), c(x, A) = cos VXx + P2{x, A), 

r^e {||pj(x, Afc)||c}fcLi ^2- BocnojiB3yeMca MeTOflOM BapiiaiBiii nocTOHHHBix n npe^cTaBHM 
cpyHKHiiio y\(x,X) — peineHHe ypaBHeHiia — + cr'?/^ = A?/a + U c HanajitHBiMH ycjioBiiaMii 

Z/A (0 ) A) = )2 /i 11 (0,A) = l/(2v / A) 



B BH^e 

3; 



y A (x, A) = -5-s(x,A) + c(x, A) / s 2 (£, A)df- s(z, A) / s(£, A)c(£, A)d£. 



2A 







IIcflCTaBjiHa cio^a acHMnTOTHHecKiie cooTHoineHHa jxjis cpyHKuiiii s(x, A n ) h c(x, A n ) h ynHTbi- 
Baa, hto {\f\~k — k} £ I2 npn^eM k paBeHCTBy 

y x [x, A fc ) = — + -Xk{x), me ^ \\Xk\\c < °o. 

k=l 

OTCio^a cjie^yioT acuMnroTiiHecKiie cpopMyjiBi 



■X) 



4y Afc 2 ^ 

y(x,X k )yx(x,\ k ) = -xsin(2kx) + Xk(x), r^e V] HXfcllc < °°- 

k=l 

HTaK, MM ^OKa3ajIH KBa^paTHHHyiO 6jIH30CTb CHCTeMBI {lpk}T K CHCTeMe 

V . 0/ . t 2 



— sin 2 (/ex), — xsin(2A;x) 

4 71 j 1 

B pa6oTe [13] ^OKa3aHa 6a3iicHocTB Pucca nocjie^Hefi: cucTeMbi (TOHHee b pa6oTe ,n;oKa3aHa 
6a3HCHocTB Pncca 6HopToroHajibHoft chct6mbi, hto paBHocHjibHo) . JleMMa ,n;oKa3aHa. □ 

TeopeMa 2.10. IlycTb 6^0. JJ,Jia Kax^oH tohkh yo G Q 9 = F(T e ) cyujecTByeT ee kom- 
njieKCHcLS OKpecTHOCTb [/(yo), b KOTopoli onpe^ejieHO o6paTHoe OTo6pa>KeHHe F~ l (y) h b ko- 
TopoH am oTo6payKeHHe HMeer KOMUJieKCuyio Opeuie npon3Bop,HyK>. 9ra npoH3BORHan vlmbbt 

00 

(2.15) {F- 1 )' (y) = (FT\y) = £ s ^), V = *2, ■ ■ ■ ), 

fc=i 

r^e { / 0fc(^)}i° — 6HopToroHajiBHaa cncTeMa H3 jieMMBi 2.9. 

^OKa3aTejibCTBO stoh TeopeMbi nojiynaeTca ^ocjiobhbim noBTopeHneM TeopeMbi 2.6 H3 
Hainefi pa6oTBi [13]. □ 

Otmcthm, hto 113 TeopeM 2.8 11 2.10 cpa3y nojiynaioTCH jioKajiBHBie oueHKii pa3Ho- 
cth noTeHipiajiOB nepe3 pa3HocTb cneKTpajibHbix ,n;aHHbix h Hao6opoT. Bo BBe^eHHH pa- 
6otbi |14] oTMeneHo, hto ^jih KjiaccHnecKoro cjiynaa 6 = 1 (q e L2) BbinojiHe- 
ho MHoro pa6oT Ha 3Ty TeMy pasjiHHHBiMH MeTo^aMii 11 b pa3Hofi cpopMe. O^Haxo, 
H3yHajiiicb oTo6pa>KeHiia q — > {cneKTpajibHbie ^aHHbie}, mbi ace nsynaeM oTo6pa>KeHiie 
J q(t) dt — cr — >■ {cneKTpajibHbie ^aHHbie}, nosTOMy B03HHKaioiri;He y Hac chctgmbi h cpopMyjibi 
HMeiOT ^pyrofi bh^. 
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/Jeuiee noKaxceM, hto npn 9 > c noMombio TeopeMBi 1.3 mojkho nojiynnTB cymecTBeimo 
Gojiee chjibhbih pe3yjibTaT, H36eraH TexHunecKofi: paGoTBi c ciicTeMaMH (pyHKu,Hfi. ,H,oKa3aTejii>- 
CTBa HOC2T o6ih;hh xapaKTep h nojiynaioTca tohho Taxace, KaK b paGoTe |14] . 

JleMMa 2.11. (pHKcnpyeM 9 > 0. IlycTb R npoH3BOJiBHoe nojioxHTejiBHoe hhcjio h 
B®(R) = T fl B^(R). Torp^a naniiyTCH nojioxHTejiBHBie nncjia r = r(R),h = h(R), ramie, 

HTO 

F(B°(R)) cn e (r,h). 

^OKa3aTejibCTBO iipoBo,n;HTca TaK>Ke, KaK b jieMMe 2.7 pa6oTBi [14J. □ 

JleMMa 2.12. IJycTB 9 > . CnpaBeiiJiHBo o6paTHoe yTBepxflemie k JieMMe 2.11: iijia jiK>6bix 
HHceji r h h Ha&fleTca hhcjio R > 0, Taxoe, hto 

F-\Q e (r,h)) C B$(R). 

CnpaBepjiHBo npepcTaBjieHHe 

F~ l = T~ l + m-.tt e ^W^ 
rpe hhcjio t onpeijejieHO b TeopeMe 1.3. OTo6payKenne \1/ : Q e — > PVJ, aHajiHTHHHO, npnneM 

(2.16) ||tty|| T ^ C||y|| e A jiz scex y e n e (r, h), 
r^e nocTOHHHaa C 3aBHcwr tojibko ot r h h. 

^OKa3aTejibCTBO iipoBo^HTca TaK>Ke, KaK b jieMMe 2.8 pa6oTBi [14J. □ 
JleMMa 2.13. IlycTb 9 > 0. Upvi jik>6om R > cnpaBeiijiHBa ou,eHKa 

(2.17) \\F'(a)\\ e ^C, ajib Bcex a e B$(R), 
r^e nocTOHHHas C 3aBncwr ot R, ho He 3aBncwr ot a. 

^OKa3aTejibCTBO npoBo^HTca TaKace, KaK b jieMMe 2.10 pa6oTBi [I4J. □ 

JleMMa 2.14. IlycTb 9 > 0. TLpn jno6bix r > 0, h £ (0, 1/2) jjjih o6paTHoro oTo6paxeHHH 
cnpaBeiiJiHBa onemta 

(2.18) ||(F _1 )'(y)|| < C, A JiHBcex yen e (r,h), 
ri\e nocTOHHHaa C 3aBHCHT ot r h h, ho He 3aBHCHT ot y. 

^OKa3aTejii>CTBO npoBo^HTca TaKace, KaK b jieMMe 2.11 pa6oTBi p[4j. □ 

TeopeMa 2.15. OnKcnpyeM 9 > 0. IlycTb nocjieflOBaTejibHocTH y, yi peryjia- 
pH30BaHHbix cneKTpajibHbix ijaHHbix jie>KaT b MHoxecTBe Q e (r,h). Tori\a npoo6pa3bi 
a = F~ 1 y, <j\ = F~ 1 y 1 jiexar b MHOxecTBe £>p(i?) B cnpaBeiiJiHBbi oueHKH 

(2.19) Ci||y - yi|| e ^ \\cr - eri|| e < C 2 ||y - yi\\e, 

r^e hhcjio R h nocroHHHbie C\,Gi 3aBHCHT tojibko r h h. Hhcjio R h hoctohhhbic C^Cf 1 
yBejiHHHBaioTCH npn r — > 00 hjih h — > 0. 06paTHo, ecjin a,a\ jiexar b mape B^(R), to 
nocneppBaTejiBHocTH y, yi peryjiapH30BaHHBix cneKTpajiBHBix i\aHHBix sthx dpyHKHHH jiexar 
b MHoyKecTBe Q e (r, h) h cnpaBe/iJiHBBi oh^chkh 



(2.20) 
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3fl,ecb HHCjia r > 0, h £ (0, 1/2) h nocToaHHBie C\ h Ci 3&bhc3t tojibko ot R. Hncjia r, h 1 , C% 
h C-f 1 yBejiHHHBciioTCfi npn R — > oo. 

/(oKasamejibcmeo npoBOiiHTCH Taxace, xax b TeopeMe 2.12 pa6oTBi |14| . □ 

MHOJKecTBa B^(R) b TeopeMe 2.15 mojkho 3aMeHHTB oGbihhbimh mapaMH B^(R), ho Tor^a 
peryji3pH30BaHHBie cneKTpajibHBie ^aHHBie Hy>KHo onpe^ejiHTB cpopMyjiofl f 1 2 . 6 j) . rjj,e nocTOHH- 
Han c TaxoBa, hto ,t,jih Bcex a £ B^(R) BBinojmeHa oueHKa c ^ — Ai(er) — 1. B cnjiy TeopeMBi 1.3 
Taxaji nocToaHHaa, 3aBHCHinaH tojibko ot R cyirrecTByeT. 3to 3aMeuaHHe BBiTexaeT H3 toto, 
npn jj;o6aBjieHHH k a cbyHKiiHH cx cneKTp onepaTopa L u cjxBHraeT ch Ha c, a pa3HocTB (pyHKHHii 
a, en £ B^(R) coBnajj;aeT c pa3HocTBio (pyHKHHH a + cx, <7\ + cx £ B®(R). 
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